Abstract. We get a new inequality on the Hodge number h 1,1 (S) of fibred algebraic complex surfaces S, which is a generalization of an inequality of Beauville. Our inequality implies the Arakelov type inequalities due to Arakelov, Faltings, Viehweg and Zuo, respectively.
Introduction and main results
For a compact complex Kähler surface S, we have several Hodge numbers h 0,1 (S) = h 1,0 (S) = q(S), h 0,2 (S) = h 2,0 (S) = p g (S), h 1,1 (S).
However, the Hodge number h 1,1 is not well understood comparing with the others. Lefschetz's (1,1)-theorem tells us that the Néron-Severi group NS(S) = H 1,1 (S) ∩ H 2 (S, Z). Denote by ρ(S) = rank NS(S) the Picard number of S, i.e., the rank of NS(S). Then we have h 1,1 (S) ≥ ρ(S). In what follows, we consider the case when S admits a fibration f : S → C over a smooth curve C of genus b. It is obvious that q(S) ≥ b. We assume that the fibers are connected and the generic fiber is a smooth curve of genus g. Let F 1 , · · · , F s be all singular fibers of f and ℓ(F i ) be the number of irreducible components of F i . In this paper, we will generalize Beauville's inequality. As a consequence, h 1,1 (S) ≥ 2bq(S) + 2 − 2b, it is an analogue of (1.1) for fibered surfaces.
Let Γ 1 , · · · , Γ k be all irreducible components of a given fiber F , and Γ i → Γ i be the normalization of Γ i . g(F ) :
g( Γ i ) is called the geometric genus of F . One can see that g(F ) ≤ p a (F ) = g. Denote by q f := q(S) − b the relative irregularity of f . Beauville [Bea81] proves that for any fiber F ,
Let s 1 be the number of singular fibers satisfying g(F ) < g, without loss of generality, we assume that F 1 , · · · , F s 1 satisfy g(F ) < g. In fact, s 1 is exactly the number of singular fibers of the associated family of Jacobians of the fibers. The new inequality on h 1,1 is related to the Arakelov inequality due to Viehweg and the last author. 
Theorem 1.4. With the notations as above, we have
Furthermore, Viehweg and Zuo prove that the above inequality becomes equality if and only if the curve C is a Shimura curve in the moduli space of curves.
Since s 1 ≤ s, the above result implies the classical Arakelov inequality as follows.
In particular, we have a weaker inequality
Remark 1.7. In fact the inequality (1.6) is strict when g ≥ 2. One can also get it by combining Cornalba-Harris-Xiao's inequality [CH88, Xia87] 4g
which is indeed strict (cf. [Tan95, Liu96] ).
When f : S → P 1 is a semistable family over P 1 , the equality in Theorem 1.4 can be rewritten as 1 (
(1) and (2) are direct consequences of (1.2) and (1.4). (3) will be proved in §4. In §5, we will present two examples of genus g = 2 with s 1 = 4 and q(S) = 1.
In the case when f is non-semistable, we have
We get an inequality as follows.
2. Proof of Theorem 1.3
Let f : S → C be a fibration of genus g over a smooth curve C of genus b, and F 1 , · · · , F s be all singular fibers. Due to Beauville's inequality (1.2), we can assume that b > 0 and q f > 0. Consider
We define a homomorphism
Let V 2 be the subgroup of Pic(S) ⊗ R generated by the classes of the components of all fibers. Chern class induces a homomorphism c 1 :
. By the semi-negativity of the intersection matrix of a fiber, we have
Proof. Suppose that c 1 (H) = α + β ∈ Im h + (Im c 1 ) ⊗ R C for some α ∈ Im h. Let F be a general fiber. For any α ∈ Im h, by the definition of h, one can see easily that α| F = 0. On the other hand, Zariski's lemma implies β| F = 0 for any β ∈ Im c 1 . Hence c 1 (H)| F = 0, i.e., HF = 0, a contradiction.
Note that α i ∧ᾱ k is the pull-back of an element in
So we can assume that α i ∧ᾱ k = ε ik α 1 ∧ᾱ 1 as cohomology classes in H 1,1 (C), where ε ik are complex numbers.
Therefore we get
Proof. Suppose that there is a nonzero element in the kernel of h,
(A Zero cohomology class means an exact form). Note that dα k = dθ l = 0,ᾱ i ∧ᾱ k = 0. By wedgingᾱ k ∧ θ l on both sides, one gets
for any j and k.
Therefore Lemma 2.2 implies that a ij = 0 for all i and j. Similarly, we have b ij = 0. It is a contradiction.
Note that for any component Γ in the fibers, t| Γ = 0 because α i 's are pullback of forms on the base C. Similarly, ω| Γ = 0.
(2.5)
Thus (2.6)
Namely,
We know that the intersection matrix of Γ ij is negative definite, for 1 ≤ i ≤ s and 1 ≤ j ≤ ℓ i − 1 , we have x ij = 0. Thus we get that x · c 1 (F ) = t ∈ Im h for some x ∈ C. If x = 0, then c 1 (F ) ∈ Im h. Note that c 1 (F ) = c · α 1 ∧ᾱ 1 = 0, i.e., c = 0. Let
As forms, we have (2.8)
Similar to the proof of the previous lemma, we get also (2.2). Use the same proof as above, we get a ij = b ij = 0 for any i and j. Hence −c · α 1 ∧ᾱ 1 = du. Thus as a class, c 1 (F ) = c · α 1 ∧ᾱ 1 = 0, a contradiction. This proves the lemma
Combing the above lemmas, we have
Then we get the desired inequality (1.3). We complete the proof of Theorem 1.3.
Proof of Theorem 1.4
Given a curve B in a surface X (non-zero effective divisor), we denote by B red the reduced part of B. Let Γ 1 , · · · , Γ ℓ be all irreducible components of B, and Γ i → Γ i be the normalization. As in the introduction, we define
Let q ∈ B be a singular point of B red , we denote by µ q (B) the Milnor's number of B red at q, and by m q (B) the multiplicity of B red at q. Let µ B = q∈B µ q (B), where q runs over all singularities of B red .
Let σ :S → S be the blowing-up at q, E the exceptional curve, andB the strict transform of B inS. Assume thatB intersects E at r points q 1 , · · · , q r . 
Lemma 3.1. Assume that B is a reduced curve with a singular point
satisfying the following conditions: (i) B r,red has at worst ordinary double points as its singularities.
(ii) B i = σ * i B i−1 is the total transform of B i−1 . Furthermore, σ is called the minimal partial resolution of the singularities of B if (iii) σ i is the blowing-up of X i−1 at a singular point (B i−1,red , p i−1 ) which is not an ordinary double point for any i ≤ r. We denote by m i+1 the multiplicity of (B red,i , p i ).
In what follows, we always assume that the partial resolutions are minimal, and we denote by r = r(B) the number of blowing-ups in the minimal resolution and by B = B r . Note that α(B) = µ B − ℓ(B) + 1 is the first Betti's number of the dual graph of B by Euler's formula. This number is determined uniquely by B.
From Lemma 3.1 and a straightforward computation, one gets the following lemma.
Lemma 3.3.
(
For any fiber F , we define e F = χ top (F red ) − (2 − 2g).
Corollary 3.4.
Proof. It follows from Lemma 3.1 (1) and Lemma 3.3 immediately. Note that
∨ be the relative canonical sheaf. The relative invariants of f are defined as follows.
It is well known that
By the definitions of e f , χ f and Hodge theory, one has
On the other hand, from Corollary 3.4 and the fact that r( 2) into (3.1) , we obtain the equality in Theorem 1.4.
Applications
The following lemma is due to Beauville ([Bea81] , Lemma 1). The original proof for the case when C = P 1 works for the general case. For the reader's convenience, we would like to recall Beauville's proof.
Proof. Let F be the normalization of F , and β : J( F ) → Alb(S) be the natural map between the jacobian J( F ) and the Albanese variety Alb(S). Considering the abelian variety Q = Alb(S)/Imβ, one gets an induced mapᾱ : S → Q.ᾱ(F ) is a point in Q since J( F ) → Q is zero. Therefore, by the rigidity theorem,ᾱ contracts all fibers of f . Soᾱ has a factorization through f .
Since the image of S in Alb(S) generates Alb(S), we see that the image of C in Q generates Q. Thus we get a surjective map v : J(C) → Q.
We have the following commutative diagram.
Similarly, from Corollary 3.4 and Lemma 4.1, we get Corollary 1.9.
Proof of Corollary 1.8:
From (1.8) and the inequalities, we only need to prove that q ≤ 1. Suppose that q(S) ≥ 2. Because p g (S) = 0, S is a ruled surface. The Albanese map α : S → Alb(S) induces the P 1 -fibration, and B = Im α is a curve of genus q. Because g(F i ) = q ≥ 2, at least one irreducible component of F i , say Γ 1 , doesn't lie in the fibers of α. So g(Γ 1 ) ≥ q = g(B) by Hurwitz formula. Thus g(Γ 1 ) = q and Γ 1 is a section of α : S → B. It implies Γ 1 is the unique horizonal irreducible component of F i since g(F i ) = q. Since F i is semistable, F i = Γ 1 + component contracted by α. Let F ′ (resp. F ) be a general fiber of α (resp. f ). One has F ′ F i = F ′ Γ 1 = 1, and hence F ′ F = 1. So F ∼ = B. Therefore f is isotrivial. Since f : S → P 1 is semistable, f must be trivial, a contradiction. This completes the proof of Corollary 1.8.
Examples
We will construct two semistable families f : S → P 1 with s 1 = 4, g = 2 and q(S) = 1.
Example 5.1 ( [Xia85] , Example 4.7). Take six lines in P 2 as follows.
This configration of 6 lines has 4 triple points x, z 1 , z 2 , z 3 , and 3 double points y 1 , y 2 and y 3 . Their coordinates are as follows. x = [0, 0, 1] and
By Bertini's theorem, one can find an irreducible and reduced curve D of degree 4 in P 2 satisfying the following conditions. (1) D has ordinary double points at y 1 , y 2 and y 3 , and no other singular points.
(2) D passes through z 1 , z 2 , z 3 and x. By blowing-up P 2 at x, we get a ruled surface ϕ : P → P 1 . Thus we can construct a double cover π : X → P branched along the curve R = D + P 1 + P 2 + P 3 + Q 1 + Q 2 + Q 3 . The double cover gives us a semistable fibration f : S → P 1 of genus 2. By a straightforward computation, we see that f is a Lefschetz pencil. Furthermore, we have K 2 S = −3, p g (S) = 0, q(S) = 1. Thus K 2 f = 5, χ f = 1, e f = 7. So f admits 7 singular fibers. K 2 f − 2χ f = 3, this means that 3 singular fibers are not irreducible, so s 1 = 7 − 3 = 4.
Example 5.2. Let pr i : P 1 × P 1 → P 1 be the i-th projection and F 0 i be a general fiber of pr i (i = 1, 2). Let B 0 be a smooth irreducible curve of type (2, 1), i.e., B 0 ≡ 2F 
, where E is the pullback elliptic curve of a general fiber of pr 1 .
Let
, where F i are general fibers of the i-th projection of E × P 1 . Thus B ≡ 2L. We can construct a double cover π : S 0 → E × P 1 branched along B π . Thus we get a fibration f : S → P 1 of genus 2. Now we claim that f has six singular fibers, and four of them have non-compact Jacobians. Let E 1 and E 2 be the elliptic fibers of pr 1 : E × P 1 → P 1 such that the image fiber π 0 (E i ) passes through the tangent point B 0 ∩ Γ 0 i (i = 1, 2). Let E 3 , E 4 (resp. E 5 , E 6 ) are other elliptic fibers whose image fibers pass through the intersection points of B 0 ∩ Γ 0 3 (resp. B 0 ∩ Γ 0 4 ). Take p i = E i ∩ Γ i , p i+2 = E i+2 ∩ Γ 3 , p i+4 = E i+4 ∩ Γ 4 (i = 1, 2) and q j = E j ∩ Γ 3 (j = 1, · · · , 6). 
is irreducible (i = 1, 2). So the fiber F i of f corresponding to π −1 (E i ) (i = 1, 2) can be written as F i = C 1 + C 2 with C 1 C 2 = 2, where C 1 is a smooth elliptic curve and C 2 is a (−2)-curve.
p 3 = q 3 (resp. p 4 = q 4 ) implies that π −1 E 3 (resp. π −1 E 4 ) is reducible. So the corresponding fiber F 3 (resp. F 4 ) of f is a nodal curve C 1 + C 2 with C 1 C 2 = 1 where C 1 , C 2 are smooth elliptic curves.
Similarly, one can check that π −1 E 5 and π −1 E 6 are irreducible. Thus the corresponding fiber F 5 and F 6 are singular elliptic curves with only one node.
By a straightforward computation, one has s 1 = 4, s = 6, p g = 0, q = 1, h 1,1 = 6.
Remark 5.3. The third author proves in [Yu00] that if s 1 = 4 and s = 5, then g = 2.
